Abstract This paper presents a full derivation of the varianceto-mean or Feynman-alpha formula in a two energy groupand two spatial region-treatment. The derivation is based on the Chapman -Kolmogorov equation with the inclusion of all possible neutron reactions and passage intensities between the two regions. In addition, the two-group one-region and the two-region one-group Feynman-alpha formulas, treated earlier in the literature for special cases, are extended for further types and positions of detectors. We focus on the possibility of using these theories for accelerator-driven systems and applications in the safeguards domain, such as the differential self-interrogation method and the differential dieaway method. This is due to the fact that the predictions from the models which are currently used do not fully describe all the effects in the heavily reflected fast or thermal systems. Therefore, in conclusion a comparative study of the two-group two-region, the two-group one-region, the onegroup two-region and the one-group one-region Feynmanalpha models is discussed.
Introduction
In detection statistics, the relation between the average number of counts during a detection time t, < N >, and the fluctuations around this value, expressed by the variance < N > 2 -< N 2 >, i.e. the variance to mean ratio
is often used to characterise the statistics of the particle field detected. For instance in the case of neutrons emitted from a e-mail: dina@nephy.chalmers.se a radioactive source following a simple Poisson statistics, this ratio is obviously equal to unity. However, for a neutron chain in a multiplying medium, such as a subcritical reactor with a source or a fissile sample with an inherent neutron source due to spontaneous fission, the branching character represented by the fission process has the consequence that the individual detections will not be independent, rather positive correlations exist between them. Hence the variance to mean ratio is larger than unity, and the deviation from unity carries information on the medium in which the branching process (neutron multiplication) took place. This fact was used by Feynman and de Hoffmann in 1944-1956 [1] [2] [3] for the derivation of a formula for a branching process where the variance to mean was above unity, Q 2 = 1 + Y (t). The Y (t)-function became called the Feynman Y-function, characterising the deviation of the relative variance from unity. Both its time dependence, expressed by the prompt neutron decay constant α, as well as its asymptotic value, carry information on the sought parameters of the system. The original application of these studies was related to the theoretical description of statistical fluctuations of the number of neutrons in multiplying medium or in other words, to the determination of the level of subcriticality. Therefore, the above-mentioned research remained classified for several years.
The fundamental principles of the Feynman-alpha theory have been extensively described in a number of publications, e.g. [4] . About a decade ago the interest to this subject returned again in connection to the on-line measurement of subcritical reactivity of Accelerator-Driven Systems (ADS). Whereas the original Feynman-alpha formulas referred to a homogeneous system in an monoenergetic ("onegroup") description [3] , dealing only with one exponent or decay constant, the further experiments, e.g. the Yalina [5] [6] [7] and MUSE [8] , showed the appearance of more than one decay constant and, therefore, the possible need of exten-sion of the one-group one-region (also referred to as "onepoint") Feynman-alpha formulas to more energy groups and spatial regions. Several attempts were made towards the explanation of multiple exponential modes by the spatial effects [9, 10] . By that time it was decided that the future ADS-systems will be driven by pulsed neutron and spallation sources which lead to the extension of the theory of variance-to-mean formulas for a continuous source with Poisson statistics to the cases of pulsed and spallation neutron sources with different definition of the pulse shapes and pulsing manner [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Latter analysis [25] showed the close link between the application of Feynman-alpha formulas to subcriticality measurements and Safeguards.
In line with the above, the suggestion of new Safeguards technique for MOX/spent fuel assay [26] , the Differential Die-away Self-Interrogation (DDSI) technique, displayed the interest towards the energy-dependent aspects of neutron counting. In connection with this, the two-group Feynman-alpha theory was elaborated in [27] where delayed neutrons were neglected, and in [28] with inclusion of delayed neutron precursors. However, fast fission and thermal detections were neglected in both papers. The results of further considerations of the importance of the energy-aspect in evaluation of the real systems shows that "a measured variance-to-mean ratio in fast systems may be contaminated by the energyhigher order mode effect except when the system is nearcritical [29] ".
In the light of recent advances in detector technologies in Safeguards towards the development of fast neutron detection systems with scintillators, the knowledge of the energydependent behavior of neutron counting became a very important issue to be taken into account in Feynman-alpha theory. The authors of [30] showed that the short and long time behavior of the Y -function can be used to assay the amount of 240 Pu and the absolute amount of 239 Pu+ 241 Pu in the reprocessed fuel. Therefore, one part of this paper is devoted to the derivation of the general case of one-point two-group Feynman-alpha formulas, when fast fission and thermal detections and delayed neutrons are included. However in some cases, for example, when the fission chambers are used as detectors, the energy importance makes way for the regiondependent aspect. This issue has not well been studied previously, although some expressions for the one-group tworegion Feynman-alpha formulas can be found in [31] . However, even these investigations are limited to the case of delayed neutron precursors having been neglected and detections accounted for only in one region. Thus, the second part of this paper is devoted to the derivation of the general case of the two-point one-group Feynman-alpha formulas, when detections and delayed neutrons are accounted for in both regions.
It has to be noted that the present paper does not carry out fully an analysis of the diagnostic value of the obtained formulas the same way as it was made in the traditional works based on a one-group treatment in a single (infinite) homogeneous medium. In the traditional case the time dependence of the Feynman Y (t) function is characterised essentially with one decay constant which can clearly be related to the subcriticality of the system. In the case of using two energy groups and two spatial regions, the number of decay constants increases and each of them becomes a much more involved function of the increased number of material properties (reaction intensities) that the treatment of different regions and energy intervals incurs. The sought system parameters become very involved functions of these decay constants, and no attempt is made in this paper on the investigation of how these parameters can be extracted from the measurements. This is deferred to later work. The objective of the present work is to give a clear and transparent derivation of the various variance-to-mean formulas as functions of the reaction and transition intensities, and to compare the solutions for the different cases.
The main concept and assumptions
In this paper, the two-point two-group, the two-group onepoint (with delay neutrons) and the one-group two-point (with delayed neutrons) Feynman-alpha formulas were derived by using the Kolmogorov forward approach [4] . In the general model used for derivations we assume that the neutron population consists of two groups of neutrons: fast (denoted as 1) and thermal (denoted as 2). Fast and thermal neutrons can undergo different reactions (i) listed below:
-removal from the fast group to the thermal (i = r).
Unlike in the terminology, used in the traditional one-group treatments, absorbtion here stands only for capture. The decay constant of the delayed neutron precursors is given as λ . In addition, both the fast and thermal neutrons can transit from one region to the others, in both directions. In all models the source is considered as releasing n particles with probability p q (n) at an emission event. In this paper a term "two-point" has the same meaning as "two-region".
The two-group two-point model
For the two-group two-point model it was assumed that two adjacent infinite and homogeneous half-space regions (denoted as A and B) with different independent reaction intensities for absorption of fast and thermal neutrons (λ A1a , λ A2a , λ B1a , λ B2a ), fission induced by fast and thermal neutrons (λ A1 f , λ A2 f , λ B1 f , λ B2 f ) and detection of fast and thermal neutrons (λ A1d , λ B1d , λ A2d , λ B2d ). The two regions are coupled by two passage intensities (λ A1t , λ A2t , λ B1t , λ B2t ) in two different directions 1 . Thus, each of the reactions for the different groups of neutrons can be described by transition intensities, as shown in Figure 1 . Total intensities includ- Fig. 1 A two-point two-group model of various processes which particles can undergo.
ing both the reactions and transitions between the regions for the fast and the thermal neutrons are denoted as λ A1 and λ A2 , λ B1 and λ B2 for regions A and B, respectively:
The slowing down process, i.e. the removal of neutrons from the fast group to the thermal group is described by the removal reaction intensity λ i=r=R . In the two-point two-group model we also include two extraneous compound Poisson sources of fast neutrons placed in different regions, A and/or B, with intensities S A and S B . In the following, two special cases of the above general form will be described briefly. Because in the lower dimensionality of the special cases, inclusion of delayed neutrons is possible.
The two-group one-point model (with delay neutrons)
In the two-group one-point Feynman-alpha model ( Figure  2 ), we assume that the medium is infinite and homogeneous. The neutron population consists of two groups of neutrons, fast and thermal. A compound Poisson source of fast neutrons with emission intensity S 1 is included in the model. Thus, the total transition intensities for the fast and thermal neutrons, denoted as λ 1 and λ 2 , are given as:
1 λ Ait describes the intensity of particles (group i) leaving region A for region B and λ Bit is the intensity of particles (group i) transferring to region A from region B. 
The one-group two-point model (with delay neutrons)
The assumption behind the one-group two-point model is that the two adjacent homogeneous half-space regions (denoted as A and B) with independent reaction intensities for detection (λ Ad , λ Bd ), absorption λ Aa and λ Ba , and fission λ A f and λ B f are coupled by two passage intensities λ At and λ Bt in two different directions. The decay constants of delayed neutron precursors are given as λ Ac and λ Bc for regions A and B, as shown in Figure 3 . Thus, total transition intensi- ties for region A and region B are denoted as λ A and λ B :
In the model we include two compound Poisson sources of fast neutrons in regions A and B with emission intensities S A and S B , respectively. The sources are considered as releasing n particles in one emission with the probability distributions of p A (n) and p B (n), respectively. For the induced fission reaction, we consider that k neutrons and l delayed neutron precursors are emitted with the probability distributions f A (k, l) and f B (k, l) for the fission reaction in region A and region B, respectively.
Theoretical formulas
Based on the main concept and assumptions used the twogroup two-region, the two-group one-region and the tworegion one-group Feynman-alpha formulas are elaborated as below.
3.1 Two-point two-group Feynman-alpha theory In order to derive the two-point two-group Feynman-alpha theory let us assume that the source S A /S B is switched on in the region A/B at the time t 0 ≤ t, while the detection process is started at the fixed time instant t d , where t d ≤ t and t d ≥ t 0 . Let the random processes N A1 (t), N B1 (t), N A2 (t) and N B2 (t) represent the number of fast neutrons in region A, fast neutrons in region B, thermal neutrons in region A and thermal neutrons in region B at the time t ≥ 0 and 
By summing up the probabilities of all mutually exclusive events of the particle not having or having a specific reaction within the infinitesimally small time interval dt, one can write:
with initial conditions
and f i (k) is the number distribution of neutrons in a fission of type i. This equation can be solved by using the generating function technique in the way similar to as described in [4] . By defining the following generating function for the probabil-
with initial condition for t 0 ≤ 0
the following partial differential equation is obtained:
where
For the sake of simplicity, some identities are used in the solution as below (i = 1, 2):
′′ stand for the first and second factorial moments of the number of neutrons emitted in a fission process and in a source event, respectively. The index i = 1, 2 denotes fission induced by fast or thermal neutrons, respectively. In a steady subcritical medium with a steady source, when t 0 → −∞, the following stationary solutions for the
are obtained as below:
By introducing the modified second factorial moment of the random variables a and b as follows µ aa ≡< a(a − 1) > − < a > 2 =σ 2 a -< a >,µ ab ≡< ab > − < a >< b > and then taking crossand auto-derivatives, the following system of differential equations of modified second factorial moments (µ
for the neutron population are obtained as below:
This system can be solved in the stationary state (when left hand sides are equal to 0). The final expression of two-point two-group Feynman-alpha formulas for fast detections is given as below:
The four roots, namely ω 1 , ω 2 , ω 3 and ω 4 can be obtained by solving the forth order characteristic equation in ω with known coefficients a, b, c, d, obtained from the temporal Laplace transform of the time-dependent equations for µ Z A Z B etc.:
If detection of fast neutrons is performed in region A, then the functions Y 1 , Y 2 , Y 3 and Y 4 should be used in the form:
where,
It can be shown that:
If a thermal neutron detector is placed in Region A, then the following Y 1 , Y 2 , Y 3 and Y 4 functions are to be used:
For the case when a fast neutron detector is placed in Region B, the following Y 1 , Y 2 , Y 3 and Y 4 functions should be used:
If a thermal neutron detector is placed in Region B, the following Y 1 , Y 2 , Y 3 and Y 4 functions should be used:
Quantitative examples of the Feynman Y(t) function will be given shortly.
3.2 Two-group one-point Feynman-alpha theory (with delayed neutrons)
In order to derive the two-group one-point Feynman-alpha theory let us assume that the source S is switched on at the time t 0 ≤ t, while the detection process is started at the fixed time instant t d , where t d ≤ t and t d ≥ t 0 . For convenience, we consider t d =0. Let the random processes N 1 (t), N 2 (t) and C(t) represent the number of fast neutrons, thermal neutrons and delayed neutron precursors at the time t ≥ 0, and
-the number of fast and thermal particle detections in the time interval [t d , t], respectively. Thus, the joint probability of having N 1 fast neutrons, N 2 thermal neutrons and C delayed neutron precursors present in system at time t, and that Z 1 fast neutrons and Z 2 thermal neutrons have been detected during the period t − t d ≥ 0 can be defined as P(N 1 , N 2 ,C, Z 1 , Z 2 ,t|t 0 ). By summing up the probabilities of the mutually exclusive events of the particle not having or having a specific reaction or that there is a source emission within the infinitesimally small time interval dt, one can write:
with initial condition
By defining the following generating function for the prob-
is the probability of having k prompt neutrons and l delay neutron precursors produced in a fission event induced by a fast neutron, f 2 f (k,l) is the probability of having k prompt neutrons and l delay neutron precursors produced in a fission event induced by a thermal neutron. The effective delayed neutron fraction is β , ν ′ 1 and ν ′ 2 are the average total number of neutrons per fast and thermal induced fission, respectively. For the sake of simplicity, some identities are used in the solution as below (i = 1, 2):
In a steady subcritical medium with a steady source, when t 0 → −∞, the following stationary solutions for the neutron populations N 1 , N 2 and C, and detection counts Z 1 and Z 2 are obtained as below:
By introducing the modified second factorial moment of the random variables a and b as follows µ aa ≡< a(a − 1) > − < a > 2 = σ 2 a -< a >, µ ab ≡< ab > − < a >< b > and then taking cross-and auto-derivatives, the following system of differential equations of modified second factorial moments for the neutron population are obtained as below:
The three coefficients ω 1 , ω 2 and ω 3 can be obtained by solving the third order equation in ω with known constant coefficients a, b, c:
The stationary modified variance of the fast particle detections can be obtained from the coupled equation system by using the Laplace transform technique:
The same can be done to define the stationary modified variance of the thermal particle detections via solving the following coupled equation system:
Some second moment notations were introduced as follows:
in which i = 1, 2. Thus, the solution for the two-group onepoint Feynman-alpha formula for fast and thermal detection particles can be written as below:
For fast particle detections the following expressions should be used:
If a thermal neutron detector is used, then the following expressions should be considered:
One-group two-point Feynman-alpha theory (with delayed neutrons)
Similarly as in the derivation of two-group one-point version of Feynman-alpha formula, in the one-group two-point Feynman-alpha theory the joint probability of having N A neutrons in region A, N B neutrons in region B, C A delayed neutron precursors presented in region A, C B delayed neutron precursors presented in region B at time t, Z A neutrons have been detected in region A, and Z B neutrons have been detected in region B in the system during the period of time t − t d ≥ 0 can be defined as P (N A , N B ,C A ,C B , Z A , Z B ,t|t 0 ) .By summing up all mutually exclusive events of the particle not having or having a specific reaction within the infinitesimally small time interval dt, it can be written:
in terms of generating function can be obtained:
Here, β A and β B are the effective delayed neutron fractions in region A and region B, respectively. For the sake of simplicity, some identities are used in the solution as below (i = A, B):
In a steady subcritical medium with a steady source, when t 0 → −∞, the following stationary solutions for the neutron population and detection counts are obtained as follows:
By introducing the modified second factorial moments and then taking cross-and auto-derivatives, the following system of differential equations of modified second factorial moments for the neutron population are obtained as below:
The system above is solved for stationary case when ∂ ∂t = 0. Four roots ω 1 , ω 2 , ω 3 and ω 4 can be obtained by solving the forth order equation with coefficients a, b, c, d specified as below:
The stationary modified variance of the particle detections in Region A can be obtained from the coupled equation system by using the Laplace transform technique:
A similar coupled equation system can be derived for the particle detections in Region B:
Thus, a final expression for the two-point one-group Feynmanalpha formula for region A and B is written below:
If the detector is placed in Region A, the following expressions for the functions Y i should be used:
and it can be proved that:
If the detector is placed in Region B, the following expressions for the functions Y i should be used:
Discussion and quantitative analysis
In the following, we shall perform a comparison of the twopoint two-group version of the Feynman-alpha theoretical formula to the two-point one-group, the one-point two-group and the one-point one-group (i.e. traditional) versions.
The simulation set-up
In order to compare the four different versions of the Feynmanalpha theory, quantitative values of the transition probabilities and reaction intensities were obtained by using MonteCarlo simulations in a way similar to that described in [27, [31] [32] [33] . The simulation setup consists of two regions, Region A and Region B, as shown in Figure 4 . Region A represents nuclear material (radius 4.46 cm), in particular a mixture of 2.5% 235 U and 97.5% 238 U. Region B consists of a moderating material with a thickness of 21 cm. The neutron source emits the neutrons with an energy of 2.5 MeV. Two cases are considered in the simulations, one when the neutron source is in the center of Region A and another when the neutron source is at a distance of 15 cm from the center of the nuclear material, in Region B. Two point detectors, in Region A and in Region B, are included in the simulation setup. Delay neutron precursors are not included in the simulations. 
Coefficients
Initially, the transition probabilities and reaction intensities are obtained in simulations for the two-point two-group case. Then, the values of reaction intensities of the two-point twogroup case are condensed in order to get the reaction intensities which correspond to the two-point one-group, the one-point two-group and one-point one-group cases. Afterwards, these values are used in order to obtain the values of the Y and ω coefficients in the Feynman-alpha formulas for the cases when the source is in Region A, and in Region B for fast neutron detections and thermal neutron detections, as shown in Table 1 -4, respectively. Since there is only one region considered in the twogroup one-point and the one-point one-group Feynman-alpha formulas, the coefficients are the same for the detection in the different regions of the initial system used for the simula- tions. The same is true for the energy-dependent factor in the two-point one-group and the one-point one-group Feynmanalpha formulas, the coefficients are the same for the fast and thermal neutron detection. Attention! In the studies described below we assume that the two-point two-group version of Feynman-alpha formulas gives the most accurate predictions as the most involved one among the four various versions, i.e. the twopoint two-group, the two-point one-group, the two-group one-point and one-point one-group theories. As it is shown in Figure 5 , when fast neutrons are detected in Region A, the two-point two-group, the two-point one-group and one-point one-group versions of the Feynmanalpha theoretical formulas give very similar results. However, the one-point two-group version of the formulas overestimates the asymptotic ratio of the variance to mean. Thus, we can conclude that the region dependence of the model plays a more important role than the energy dependence for the case when the source and the fast neutron detector are both placed in the region of the nuclear material. Therefore, in this situation all three versions of the Feynman-alpha theory, the two-point two-group, the two-point one-group and one-point one-group, can be used, although it is more time-efficient to use the one-group one-point version of the Feynman-alpha theory. As an example, in reality this case may be related to the measurements performed in the spent fuel pool when the detector is placed in the control tube of fuel assembly. In the case when the fast neutron detector is in Region B (Figure 6 ), a slight difference is observed between the two-point two-group and the two-point one-group versions of Feynman-alpha theories. At the same time, the one-point two-group and one-point one-group versions of Feynmanalpha theory significantly overestimate the values of variance to mean ratio obtained with the two-point two-group version of the formulas. Thus, in this case two versions of Feynman-alpha theory, the two-point two-group and the twopoint one-group can be used, although it is more time-efficient to use the two-point one-group version for quantitative estimates. In all cases when the fast neutron detector is used, the two-point two-group version of Feynman-alpha formulas produce high values of the asymptotic variance-to-mean ratio compared to results obtained with other versions, i.e. the two-point one-group, one-point two-group and one-point onegroup versions of the theory.
Comparison of four versions of Feynman-alpha theoretical formulas for the case of thermal neutron detections
Regarding thermal neutron detection, when the source and the detector are in Region A (Figure 9 ), the three special versions of the Feynman-alpha theory, the two-point one-group, the one-point two-group and the one-point one-group, all deviate significantly from the two-point two-group version. However, the one-point one-group theory gives very similar predictions of the ratio of the variance to mean as the twopoint one-group theory. At the same time, the two-group one-point theory provides somewhat more accurate results. Thus, the impact of the energy-dependence appears to be somewhat higher than the impact of the space-dependence.
When the thermal neutron detection is performed in Region B (Figure 10 ), we may conclude that both the spacedependent and energy-dependent aspects play important role for this case.
If the source is in Region B and detection is performed in Region A (Figure 11 ), the two-point one-group version of the Feynman-alpha theory gives results which are closer to Fig. 9 The dependence of the ratio of the variance to mean of the number of thermal neutron detections on the detection time for four versions of Feynman-alpha theory (the source is in Region A, detector is in Region A). the one obtained with two-point two-group theory. Thus, the impact of the space-dependence to the final results is higher than the impact of energy-dependence.
Although, for a case of detector and source being placed in Region B (Figures 12) , the two-point one-group, twogroup one-point and one-group one-point versions provide results of the variance-to-mean ratio that are significantly deviating from the ratio obtained by using the two-point two-group theory. Thus, the space-dependent and energydependent aspects, both play the important role in this situation.
In general, we can say that for the thermal neutron detections when the detection is done in Region A, the energydependence has a higher impact to the ratio of the variance to mean than the space-dependent factor. On the other hand, for detection in Region B both factors should be equally taken into account. 
Conclusions
The two-group two-point version of Feynman-alpha theory was derived with a use of the forward master equation technique. The two-group one-point Feynman-alpha theory (with delay neutrons) is extended by including fast neutron detections and and fast fissions. The two-point one-group varianceto-mean formula (with delay neutrons) is enhanced as well, by including detection and source terms in both regions. Thus, this gives the possibility of treating fast reflected systems in a more accurate way, by treating the counts separately in the fast and the thermal groups (or in the nuclear material (fissile region) and reflector regions). The comparative study of the two-group two-point, the two-group one-point, the one-group two-point and the onegroup one-point Feynman-alpha models is made by using the specific reaction intensities obtained in Monte-Carlo simulations. It is shown that for all cases when the fast neutron detector is used in measurements, the space-dependent aspect has a higher impact on the final results than the energydependent aspect. In particular, when the source and the fast neutron detector, both placed in the region of nuclear material three versions of Feynman-alpha theory provides similar accuracy in the determination of the variance to mean ratio. Namely, the two-point two-group, the two-point onegroup and one-point one-group can be used, although it is more time-efficient to use the one-group one-point version of the Feynman-alpha theory. The situation is not so optimistic for a case, when the fast neutron detector is in Region B, because a slight difference is observed between all versions of the theories. The one-point two-group and onepoint one-group versions of Feynman-alpha theory significantly overestimate the values of variance to mean ratio obtained with the two-point two-group version of the formulas. Therefore, in this case two versions of Feynman-alpha theory, the two-point two-group, the two-point one-group can be considered as the accurate qualitative estimates. Regarding the use of the thermal neutron detections, both energyand space-dependent factors are important to take into account. However, when the detection is done in Region A, the space-dependence has a higher impact to the ratio of the variance to mean than the energy-dependence, while, for detection in Region B both factors should be equally considered.
